AQA Level 2 Further Mathematics Calculus o A

Section 2: Further differentiation
Solutions to Exercise
L ) y=x"+ex’+ 9x

o
—3=3x2+1:2/r+j
dx

@ 24,
ox
2X*+12x+ 9=0
X*+4x+3=0
(x+1)(x+3)=0

X=—1 or x=-"23

when x = -1, y =(—1 +e(-1)° + 9x21=-1+6- 9=—4
when x = -3, y =(—3)* + &(—3)* + 9XB=-2F+54-2F =0
The stationary points are (-1, -4) and (-3, 0)

(iit)

X x< -3 X =-3 B<x<-1 X =-1 X > -1
olg +wve o} -Ve o} +ve

dx el N - e

The polnt (-3, 0) ls a maximum polnt.
The polnt(-1, -4) is a minlimum polnt,

(iv) y=x>+6x*+ 9x
=x(x*+ex+ 9)

= x(x+3)°
The graph cuts the x-axis at x = 0 and x = -3 (repeated),

The graph cuts the y-axis at y = o,

(_1/ _'4‘)
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2. (0 y=2x+x"—4x°

dy _

~ =n+2x—-12x7
Ax

dy

At stationa Y points, == =0
dx

2+42x—12x% =0
1+x—6x*=0
ex*—x—1=0
(Bx+1)(2x—-1)=0

X=—% or x=%

2 2 —
when x=-3%, y=2(-%)+(-2)" —4(-3) =-2+5+& =" =-1%
When x=3, y=2(3)+(3) - 4(2) =1+2-3=2
The statlonary points are (—%,-%) and (%£,2).
X XS -3 | X= -3 | —3<x<3 | XK=3 x>z
dy Ve o} +ve o} Y4

dx N L -

11

(—é, —g) ls & minbmum point,

(£,2) s a maxinmum point.

(i) y=2x+x" —4x°
= x(2+x—4x7)
=—x(4x* - x-2)
The curve cuts the x-axis at x = 0 and at the polnts satisfying
4x*—x—-2=0.
For this quadratic equation, a=4,b=-1,c=-2
1EJ1—-4x4x-—2 1%33

Ustng the quadratic formula, x =

2 2
$.2)
t(1-+/z3
(5-%) t(1++/z3)
3/ 2F
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=, 32,(3—3x2+e

ay _

< =z3x*-06x
ox

dy

At statiowmg points, —= =0
dx

X —6xX=0
zx(x—2)=0
X=0 or x=22

when x = 0o, y=e
when x =2, y =2°-23x2°+6=2-12+6=2
The stat’uowm% poluts are (0, &) and (2, 2).

X X< o0 X=0 O< x<2 X=2

X>2

a Y +ve 0 -\Ve 0

dx / L \

+ve

(0, &) is & maximum point,
(2, 2) is a minbmuwm point,

(2 2)

4, ) y=(x+1)(x—3)
=(x+1) (x* = 947 +2F X — 2F#)
=x*— 97 +2F X —2F X+ X7 — 9XT +2F X - 2F

= X" —gx® +1847 — 27

d
(it) 2 4t —24x® + 30k

dx

At stationary polnts, 4x° —24x° +36x =0
X*—6x*+ 9x=0
x(x*—ex+ 9)=0
x(x—2)* =0
X=0 0or X=3

Mathematics
Education 30f8
Innovation

11/06/13 © MEI




AQA FM Calculus 2 Exercise solutions

when x=0, y=(0+1)(0-3) =1x—=27 =27
whenx =3, 4 =0

The stationary points are (0, -27) and (3, 0).

(ii)

X X< 0 X=0 0< x<3 X=3 X>3
dy Ve 0 +ve 0 +ve
dx \ L / /
(0, -27#) is a minlmum.
(3, 0) is a polnt of inflection,
(v) Whenwy =0, x =-1orx =3
y
X
1 3
_27
5 Yy=x"-2x°
o
20 s —ex
ox
At stationary points, 4x° —6x” =0
x*(2x—-3)=0
X=0 or x=%
Whew x =0, iy =0
When x=%, y=(2) -2(8) =2-F=-%
X X<o0 X=0 0<x<3 X=3 x>z
dy Ve o} -Ve o

+ve

So (0, 0) is a point of inflection, and (2,-Z) is a minbmum point,
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2
(%r_%)
6. g:x3+px2+q
d
d =3X" +2px
dx
dy

At statiowar5 points, d— =0
X

2% +2px =0
x(3x+2p)=0

2
X=0 DY/(=_—P
3

2
Stnee there is a minlmum polnt at x = 4, _ZP_ 4 =>p=-6
32
The curve is therefore y = x°* —6x" +4q,
The point (4, -11) lies on the curve, so 11 =4° —6x 4" +4
, N11=64- 96tg
(%.2)
q==1
The equation of the curve is ¢y = x* —ex® +21,
The other statlonary point is at x = 0, so the maximum point s (0, 21),

F 0 y=x° +ax®+bx+e
The graph passes through the polnt (1, 1)
so1=14+a+b+c

a+b+ec=0

ad
(it) %d _ X +2ax+b
Ax
Stationary points are whew 3x* +24x+b =0

There is a stationary point whew x = -1, so A1)V +2ax—1+b=0
3-2a+b=0
2a-b=3
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There s a stationary polnt whew x = 3, so 3 B +axz3+b=0

(i) a+b+c=o0 (x)
2a—-b=3 (2)
ea+b=-2# (=)

Adding (2) and (3):

Substituting into (2) gives:
Substituting into (1) gives:

F+ea+b=0
ea+b=-27

ga=-24 =a=-3
b=2a-3=-6-3=-9
c=—a-b=9+3=12

a=-3,b=-9,c=12

ad
g, —g:3x2—10x+3
dx

, . dy
Ata statwwarg pomt — =0
Ax
2 —10x+3=0

(Ex-1)(x-3)=0

X =1/30r 3,

The minbmum point is whew x = 3 (from the sketeh)
Atthispoint y=x*—5x° +3x+4 =27 45+ 9+4=-5

y

Yol - 5+ 3x v 4

The line Y = - 5 crosses the curve again. To the Left of this crossing point, y
takes values below those at the minlmum stationary point.

X —5xX +3x+4=-5
X =5x*+3x+ 9=0
x =3 lsavrootso (x - 3) s a factor,

11/06/13 © MEI

Mathematics
E Education 6 of 8
Innovation



AQA FM Calculus 2 Exercise solutions

X =5X+3x+ 9=0
(x—3)(x*-2x-3)=0
(x—3)(x—-3)(x+1)=0

Y takes values below that at the minlmuwm statlonary polnt for x < -1.

d
9. % oox® —114x+54
dx
. . Ay
Ata statwvuarg pomt —= =0
dx
O0X* —114 X +54 =0
10X* —19x+ 9=0
(rox—-9)(x-1)=0
The equation has two roots so there are two stationary points.
10, (1)
Yy=10-3x- x>
a
o _ —2-2x
ax
dz
ax
(it)
Yy=3x(x"-2x)=2x"-6X"
a
2 99X —12x
ax
d;Z
—‘g =12X—12
dx
(tit)
y=(x+5) (x*—z3X)=2x>*—-X*—15x
a
9 _ exX?—2x—-15
ax
d:z
‘g =42X-—-2
ax
11, (1)
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Yy=—=2x’+ex+x-7

dg 5
—~ ——eX*+12x+1
ax
dz
‘? =—12X+12
ax
(i)
d(lj 5
at x=1, = =—6(1)" +12(1)+1=#
ax
015 N
at x=3, = =—06(3)"+12(3)+1=—17#
X
dg N
atx=-1, —==-&(-1)" +12(1)+1=—17
ax
(tir)
dizj
atx=1, —== —12(1)+12=0
ax
0125
atx=3, —== —12(3)+12=—"24
ax
0125
atx=-1, —== —12(-1)+12 =24
ax
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